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Abstract: In this work, curves of constant breadth are defined and some characterizations of closed dual curves of constant breadth 
according to Bishop frame are presented in dual Euclidean space. Also, it has been obtained that a third order vectorial differential 


equation in dual Euclidean 3-space. 


Keywords: Dual Euclidean space, dual curves, curves of constant breadth, Bishop frame 


1 Introduction 


The curves of constant breadth were introduced by :[1]. 
[2] had obtained a problem to determine whether there 
exist space curve of constant breadth or not, and he 
defined breadth for space curves on a surface of constant 
breadth. Furthermore, [3] defined the curve of constant 
breadth on the sphere. In [5], some geometric properties 
of plane curves of constant breadth are given. In recently 
work [4], these properties are studied in the Euclidean 
3-space E>. Moreover, In [18], this kind curves are 
studied in four dimensional Euclidean space E*. In [6] 
expressed some characterizations of timelike curves of 
constant breadth in Minkowski 3-space and partially null 
curves of constant breadth in semi-Riemannian space.. In 
recently works this topic were studied and further 
characterizations related to different geometries were 
obtained, see [7], [8], [18], characterizations of Curves of 
Constant Breadth in Galilean 3-Space G°[10]. 


2 Dual Curves of Constant Breadth 
According to Dual Bishop Frame in D* 


[11] introduced dual numbers with the set 
A * * 
D= {t=x+ex ee er} 
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The symbol € designated the dual unit with the property 
e* = 0 for € £0. Thereafter, a good amount of research 
work has been done on dual numbers, dual functions and 
as well as dual curves [12]. 

Then dual angle is introduced, which is defined as 


0 = 6+ €6*, where 0 is the projected angle between two 
spears and 9* is the shortest distance between them. In 
recent years, dual numbers have been applied to study the 
motion of a line in space; they seem even to be most 
appropriate way for this end and they have triggered use 
of dual numbers in kinematical problems. 

The theory of relativity opened a door for using of 
degenerate submanifolds, and the researchers treated 
some of classical differential geometry topics, extended to 
Lorentzian manifolds. In light of the existing literature, 
Yilmaz deal with the timelike dual curves of constant 
breadth in dual Lorentzian space, see [16]. 

The set D of dual numbers is commutative ring with 
the operations + and - The set 


D§=DxDxD= {o=9+89':9,9" cE*} 


: : A 
is a module over the ring D, Let us denote a = a+ &a* 


A A 
and b =b+€b*. The Euclidean inner product of a and b 
is defined by 


\ 
< a,b >=<a,b>+Ee(<a’,b>+<a,b* >). 
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For @ # 0, the norm |o| of 0 is defined by 


=\/<0,o>. 


AA A 
Let {ii LV. a} be dual Bishop frame of the differential 


A 
9 


dual space curve in the dual space D*. Then the dual 
Bishop frame equations are 


A} A A OA 
= ki.N,+k2.N2 
A! N AN 
N, = —k,.T () 
A! AN 
Ny = —k2.T 


A A 
where kj = kj + €kj and ky = kp + €k3 are nowhere pure 
dual natural curvatures and 


A 
k=k+ek* = {ki +43 4+ 2e(kikj + kok), 


A 
A A 
s@) =6-beb*=SArna(2), te". 
ky ds 

Let @ = (s) be a simple closed dual curve in D?. 
These curves will be denoted by C. The normal plane at 
every point P on the curve meets the curve at a single 
point Q which is different from P. We call the point Q the 
opposite point of P. We consider dual curve in the class I” 


A A 
as in [2] having parallel tangents T and Tz in opposite 


A 
directions at the opposite points @ and & of the curve. A 
simple closed dual curve of constant breadth having 
parallel tangents in opposite directions at opposite points 
can be represented with respect to dual Frenet frame by 
the equation 


A A AA \ A \ A 
€=Q4+y.T+6.Ni +A.N2 (2) 
rn A A 
where 7,6 andA are arbitrary functions of s. 


Differentiating both sides of equation (2), we get 


A 
d& ds¢ dy KN NA A arr dé. A 
— - — = (= — 6.ky Akg $1)T + (7-1 + —)N 
dsz ds ds ; a+} (7 rr ; 
A 
AN daa 
+ (Y-ko + —— Ne 
S 
A A 
consider T =—Tz we have the following system of 
equations 
A 
dy A A AA ds¢ 
— = 60.k, +A.k2p —- 1 —-— 
ds nee ds 
dd AA 
“=-yk (3) 
a Y-K1 
AAA 
d A 
—=-7k 
as Y-K2 
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A 
If we call @ as the angle between the tangent of the curve 
A 


vig Mont : ee .,.d0 A 
C at point @ with a given direction and consider = T 
S 
A 


dé : 
and — = t , then we have (3) as follow; 
Ss 
§ 


(4) 


A A k 
Let K; = ae and K2 = 2, and this case using system 


T T 
of ordinary differential equations (4), we have the 
following dual third order differential equation with 


A 
respect to Y as; 


PY on nd 
E+ (Ky, +R) 
dé dé 
d 27 A dA dA A 
+ (Ripka Bi) Ray (5) 
dég dég dég 
or 2 2 
Ki \ @ 5. @f 
+(f 7-48). (K1) + 3 = 0 
ot 40 de 


Corollary 2.1 The obtained dual differential 
equation of third order (5) is a characterizations for the 
simple closed dual curve &. By means of solution of it, 
position vector of a simple closed dual curve can be 
determined. 


Let us investigate the solution of the equation (5) in a 


A A IN 
special case let K1,K2 and f(@) be constant. Then 
equation (5) has the form 


A A 
d? A Ad 
<P + (Ri + Ka) =0. (6) 
de dé 
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The solution of the equation (6) yields the components 


A2 A A Az AA 
=A+Bcos|(K, + K2)0] +Csin|(K, + K2) 0] 


> 


A2 A A A2 A ki A 
- [ {(A+Bcos|(K +Ky)0]+C sin[(K 1+K2)6]) + }a6 
tT 


i 
Sines 


=. [{(A*Beos{(k +h 2)6]+Csin{(K +h )6))*2 }a0 


(7) 

Corollary 2.2: Position vector a simple closed curve 

with constant dual curvature and constant dual torsion can 
be obtained in terms of (7)1, (7)2 and (7)3. 


7 
oes 


; A 3 
If the distance between opposite points of @ and € is 
constant, then we can write that 


A 


E— 


rn2 AZ A? 
=y +6 +A =constant (8) 


A 
Differentiating with respect to @ 


+A—= (9) 
d i d 9 d 8 
By virtue of (4), the differential equation (9) yields 


.F(0 )=0 (10) 


A 
Case 1: y= 0. Then we have other components 6 and 

A 

A which are constant. 


Since the following invariant of dual curves of constant 

breadth can be written as 
A A A A A A 
& = 9+M,.N| +Mo.N2 (11) 
A A A A A A 
where 6 = M,, A = Mp, M, and M) are constant. 
A 

Case 2: f(0) 


curvatures as 


= 0. We have a relation among radii of 
1 
—==0 (12) 


Using other components, we easily have a third order 


: ‘ : : ‘ : A“ 
variable coefficient differential equation with respect to y 


A A 
a3 A. Ag 
STs (Ki +Ky) 
A 
de dé 
d 2 A d A .d AA 
+[— (hi) $41 a) DY (13) 
dda dég dé 
OR 2 
Ki A. dA 
+f =-a@) —a(K1) =0 
a () 


= ee ee 


This equation is characterizations for the components. 
However, the general solution of it has not been found. 


Due to this, we investigate in a special case, let us 
A A aN 
suppose K; = Kx =O and t £0. 


In this case, we rewrite (13) 


By 
~A3 
d0 


= 0. 


By this way, we have such that the components 


‘A 
Y=—at¢s 

A 

5 = constant 
A 

A = constant. 


3 Conclusion 


In this work we extened the curves of constant breadth 
concept to dual curves of dual Euclidean space according 
to type-2 Bishop frame. Thereafter, we determined 
relations using dual Bishop derivate formulau. In the light 
of the obtained result, we characterized dual constant 
breadth of the curves according to some special cases. We 
also express some open problems and theorems for 
further studies. 

The authors are grateful to the anonymous referee for a 
careful checking of the details and for helpful comments 
that improved this paper. 
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